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We present the d+ 1 formulation of Einstein-scalar-Gauss-Bonnet (ESGB) theories in dimension
D = d+1 and for arbitrary (spacelike or timelike) slicings. We first build an action which generalizes
those of Gibbons-Hawking-York and Myers to ESGB theories, showing that they can be described by
a Dirichlet variational principle. We then generalize the Arnowitt-Deser-Misner (ADM) Lagrangian
and Hamiltonian to ESGB theories, as well as the resulting d + 1 decomposition of the equations
of motion. Unlike general relativity, the canonical momenta of ESGB theories are nonlinear in
the extrinsic curvature. This has two main implications: (i) the ADM Hamiltonian is generically
multivalued, and the associated Hamiltonian evolution is not predictable; (ii) the “d+ 1” equations
of motion are quasilinear, and they may break down in strongly curved, highly dynamical regimes.
Our results should be useful to guide future developments of numerical relativity for ESGB gravity
in the nonperturbative regime.
I. INTRODUCTION
The study of modifications of general relativity is well
motivated by some of the most outstanding puzzles in
theoretical physics (where such modifications are often
invoked e.g. in the quest to quantize gravity, or to solve
the information paradox) and in observational cosmol-
ogy (where the nature of dark matter and dark energy
is unclear, although both of them seem to interact only
gravitationally) [1–3].
The detection of gravitational waves by the
LIGO/Virgo collaboration finally allows us to test
observational signatures of modified gravity in the
dynamical, strong-field regime of a coalescing compact
binary system. Given our limited understanding of
the state of matter in neutron stars, the cleanest tests
involve gravitational wave observations of black-hole
binary mergers (which, moreover, are the vast majority
of detected events so far) with Earth-based and future
space-based interferometers [4–10]. Most tests of general
relativity obtained so far are essentially “null tests”:
they place bounds on phenomenological parameters
that would be different from zero (or unity) if general
relativity were not correct [11, 12].
Going beyond this sort of null tests requires the calcula-
tion of gravitational waveforms for specific modified the-
ories of gravity. In particular, the numerical simulation
of the field equations is necessary to take into account
the full nonlinear dynamics of the merger. A prelimi-
nary step in this direction is the d + 1 decomposition of
the field equations and the study of the corresponding
Cauchy problem (in this paper we will focus on a d + 1
dimensional theory, but the d = 3 case is the most inter-
esting from a phenomenological point of view).
The Cauchy problem is known to be well-posed for a
very limited class of theories whose metric sector is the
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same as in general relativity (see Refs. [13–15] for the ear-
liest 3+ 1 decomposition of Einstein’s equations and the
study of their Cauchy problem). These include the sim-
plest scalar-tensor (ST) theories of gravity [16, 17] and
Einstein-Maxwell-dilaton (EMD) theories [18, 19]. How-
ever there are “no-hair theorems” which imply that black-
hole binary inspirals in ST theories must reduce to gen-
eral relativity, unless one enforces the presence of “ad hoc”
scalar field clouds just before merger [20] or nontrivial
boundary conditions [21, 22]. Black-hole binary mergers
in EMD theories were evolved numerically in Ref [19] and
found to be nearly indistinguishable from their general
relativistic counterparts for small values of the electric
charge, but their scalar cosmological environment may
play a crucial role [23].
In this paper we study the d+1 formulation of a class of
theories whose metric sector differs from that of general
relativity: Einstein-scalar-Gauss-Bonnet (ESGB) gravity.
These theories supplement the Einstein-Hilbert action
with one single scalar degree of freedom ϕ coupled to the
Gauss-Bonnet scalarR2GB = RµνρσRµνρσ−4RµνRµν+R2
through a coupling of the form f(ϕ)R2GB. They pass So-
lar System tests [24] as well as the stringent gravitational-
wave propagation tests from GW170817 [25] (see e.g. [26,
27]), and they are interesting for various reasons.
The theory above with an exponential coupling func-
tion (also known as Einstein-dilaton-Gauss-Bonnet grav-
ity) corresponds to the bosonic sector of heterotic string
theory [28]. Black hole solutions in this theory have long
been known to differ from GR [29, 30] (see also [31]). The-
ories with a generic coupling function f(ϕ) have recently
attracted interest because they can exhibit scalarization
in vacuum: black hole solutions can reduce to those of
general relativity in certain regions of parameter space,
and spontaneously scalarize to very different solutions
in others [32–35]. Studies of the radial stability of these
black hole solutions led to two interesting findings: (i) the
stability depends crucially on the choice of the coupling
function, and (ii) the hyperbolicity of the equations of
motion of the perturbations seems to be broken when the
2coupling is large [36–38]. This hints at the possibility that
the well-posedness of the field equations may depend on
the strength of the coupling to the Gauss-Bonnet scalar.
This is crucial, because most analytical [39, 40] and nu-
merical [41–44] studies of black-hole binaries in ESGB
have relied on a weak coupling expansion (but see [45]
for a post-Newtonian calculation valid in principle for
all couplings, and Refs. [46–48] for different attempts to
find global solutions and control higher-order gradients
in modified theories of gravity).
Recent work studied the hyperbolicity of ESGB gravity
under specific symmetries [49–51] as well as its well-posed
formulation in the small-coupling regime [52–54]. Our
goal in this paper is to go beyond these approximations
by developing an extension of the ADM formalism [55, 56]
for ESGB gravity and to provide, for the first time, their
“d+ 1” field equations.
The plan of the paper is as follows. In Sec. II we ex-
tend the actions of Gibbons-Hawking-York [57, 58] and
Myers [59] to ESGB gravity, and we formulate a Dirichlet
variational principle. In Sec. III we develop the ADM for-
malism for ESGB gravity, and in Sec. IV we write down
the “d + 1” equations of motion. One of our main re-
sults is that the canonical momenta in ESGB gravity are
nonlinear in the extrinsic curvature. As a consequence
the Hamiltonian is multivalued, and the field equations
become quasilinear. In Sec. V we comment and specu-
late on the implications of these results, and we discuss
possible directions for future work.
II. VARIATIONAL PRINCIPLE AND
BOUNDARY TERMS
In vacuum, ESGB theories are described by the action
I =
∫
M
dDx
√−g
16π
(
R−2gµν∂µϕ∂νϕ+αf(ϕ)R2GB
)
, (II.1)
where we set G = c = 1. In standard notation, R is the
Ricci scalar on the D-dimensional manifoldM with met-
ric gµν , inverse metric gµν and metric determinant g, and
R2GB = RµνρσRµνρσ − 4RµνRµν +R2 denotes the Gauss-
Bonnet scalar, Rµνρσ being the Riemann tensor. The
fundamental constant α (assumed to be positive without
loss of generality) has the dimensions of a length squared,
and f(ϕ) is a dimensionless function defining the theory.
In the following, it will be useful to rewrite the Gauss-
Bonnet scalar as
R2GB = RµνρσPµνρσ , (II.2)
where
Pµνρσ = R
µν
ρσ − 2δµ[ρRνσ] + 2δν[ρRµσ] + δµ[ρδνσ]R
=
1
4
δµνα1α2ρσβ1β2 R
β1β2
α1α2 . (II.3)
Here brackets denote antisymmetrization, as in δµ[ρδ
ν
σ] =
1
2 (δ
µ
ρ δ
ν
σ − δµσδνρ), and δα1···αnβ1···βn = n! δα1[β1 · · · δ
αn
βn]
is the gen-
eralized Kronecker symbol, i.e. the determinant of the
n × n matrix M built from ordinary Kronecker “deltas”,
with elements M ij = δ
αi
βj
, which is antisymmetric under
exchange of its upper (and lower) indices. The quan-
tity Pµνρσ has the symmetries of the Riemann tensor
and it is divergence-free: denoting by ∇µ the covariant
derivative associated to gµν , the Bianchi identities imply
∇µPµνρσ = 0.
The variation of the action (II.1) with respect to gµν
reads
δ(g)I =
1
16π
∫
M
dDx
√−g (Eµνδgµν +∇µV µ) , (II.4)
where
Eµν = Gµν − 2∂µϕ∂νϕ+ gµν(∂ϕ)2
+ α
(
f(ϕ)Hµν + 4Pµανβ∇α∇βf(ϕ)
)
, (II.5)
Gµν denotes the Einstein tensor and
Hµν = 2R
µ
αβγP
αβγ
ν −
1
2
δµνR2GB
= −1
8
δµα1α2α3α4ν β1β2β3β4 R
β1β2
α1α2R
β3β4
α3α4 (II.6)
is the divergence-free [60] Lanczos tensor, which vanishes
identically in dimension D 6 4, as obvious from its ex-
pression above in terms of the rank-five generalized Kro-
necker symbol. Equation (II.4) follows from the iden-
tity δRµνρσ = 2∇[ρδΓµσ]ν with δΓµνρ = 12gµλ(∇νδgλρ +
∇ρδgλν −∇λδgνρ), integration by parts and the proper-
ties of Pµνρσ .
As far as we know, the second term in the integrand
on the right hand side of Eq. (II.4) was not previously
considered in the ESGB literature. It is the divergence
of the four-vector
V µ =
[
gµαgλβ − gµλgαβ − 4αf(ϕ)Pλαµβ]∇λδgαβ
+
[
4αPµαλβ∇λf(ϕ)
]
δgαβ , (II.7)
and can therefore be evaluated on the d = D − 1 dimen-
sional boundary ∂M of M. Let us choose for simplicity
an adapted gaussian coordinate system xµ = {w, xi} such
that w is constant on ∂M:
ds2 = ǫN2dw2 + hijdx
idxj , (II.8)
where ǫ = 1 if ∂M is timelike, ǫ = −1 if ∂M is space-
like, and such that
√−g = N
√
|h|. Then Pµνρσ can be
decomposed using the Gauss-Codazzi-Mainardi identities
[61, 62]
Rijkl = R¯ijkl − ǫ (KikKjl −KilKjk) , (II.9a)
Rijkw = N
(∇¯iKjk − ∇¯jKik) , (II.9b)
Riwjw = −N∂wKij +N2KikKkj − ǫN∇¯i∇¯jN , (II.9c)
where from now on latin indices are lowered with the
induced metric hij (with inverse hij and determinant h),
bars denote intrinsic quantities built out of hij (as in
3∇¯iW j = ∂iW j + Γ¯jikW k), and Kij = − 12N ∂whij is the
extrinsic curvature. Introducing by analogy the notation
Kϕ = − 12N ∂wϕ, the variation (II.4) of the ESGB action
with respect to gµν yields
δ(g)I =
1
16π
∫
M
dDx
√−gEµνδgµν (II.10)
+
1
16π
∫
∂M
ddx
[√
|h|πijδhij − δ(g)
(√
|h|Q
)]
,
where
ǫQ = 2K + 2αf(ϕ) δi1i2i3j1j2j3K
j1
i1
(
R¯j2j3i2i3 −
2ǫ
3
Kj2i2 K
j3
i3
)
, (II.11a)
ǫπij = −δi i1j j1K
j1
i1
+ 2αδi i1i2j j1j2
[
2Kj1i1 ∇¯j2∇¯i2f(ϕ) + f ′(ϕ)Kϕ
(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)]
− αf(ϕ) δi i1i2i3j j1j2j3Ki1j1
(
R¯j2j3i2i3 −
2ǫ
3
Kj2i2 K
j3
i3
)
, (II.11b)
and where we defined K = hijKij and f ′(ϕ) = df/dϕ.
Note that in the boundary term of Eq. (II.10) we have
ignored the divergence of a d-vector ∇¯iW i, because its
integral over the closed boundary ∂M vanishes.
The results above reduce to those of Einstein-Gauss-
Bonnet gravity when f(ϕ) is a constant [59, 63–65]. Note
also that when D 6 4 (i.e., d 6 3) the second line of
Eq. (II.11b) vanishes identically.
From (II.10) and (II.11a), we see that extremizing the
action I requires fixing both the metric hij and its normal
derivative ∂whij = −2NKij on ∂M, at odds with the
Einstein field equations Eµν = 0 being of second order
only.
Let us now generalize Eq. (II.1) as follows:
IESGB = I +
1
16π
∫
∂M
ddx
√
|h|Q , (II.12)
with Q given by Eq. (II.11a). This action extends those of
Gibbons-Hawking-York [57, 58] and Myers [59] to ESGB
gravity, and it allows to obtain the field equations by
means of a Dirichlet variational principle:
(i) The variation of (II.12) with respect to gµν reads
δ(g)IESGB =
1
16π
∫
M
dDx
√−gEµνδgµν
+
1
16π
∫
∂M
ddx
√
|h|πijδhij , (II.13)
where Eµν and πij are given in Eqs. (II.5) and
(II.11b). The action is extremal when the metric
satisfies the second-order generalized Einstein field
equations Eµν = 0 together with Dirichlet bound-
ary conditions, i.e. δhij |∂M = 0;
(ii) The variation of Eq. (II.12) with respect to ϕ reads
δ(ϕ)IESGB =
1
16π
∫
M
dDx
√−gEϕδϕ
+
1
16π
∫
∂M
ddx
√
|h|πϕδϕ , (II.14)
where
Eϕ = 4ϕ+ αf
′(ϕ)R2GB , (II.15a)
ǫπϕ = 8Kϕ + 2αf
′(ϕ)δi1i2i3j1j2j3K
j1
i1
×
(
R¯j2j3i2i3 −
2ǫ
3
Kj2i2 K
j3
i3
)
, (II.15b)
and we defined (as usual)  = ∇µ∇µ. The action is
extremal when the scalar field satisfies the second-
order generalized Klein-Gordon equation Eϕ = 0
together with Dirichlet boundary conditions, i.e.
δϕ|∂M = 0.
The action (II.12) is the first new result of this pa-
per. It shows that ESGB theories can be consistently
described by a Dirichlet variational principle.
From the boundary terms in Eqs. (II.13) and (II.14)
we see that ESGB theories propagate one scalar degree
of freedom and d(d+1)/2 metric degrees of freedom (the
independent components of hij in coordinates adapted to
the boundary). As usual with covariant gravity theories,
the D = d+1 remaining components of gµν can be fixed
at will.
Note that the presence of the boundary term in
Eq. (II.12) affects the quantities πij and πϕ: for example,
varying only the bulk action I with respect to ϕ would
yield (II.14) with ǫπϕ = 8Kϕ, instead of its expression
(II.15b) above.
4III. ADM FORMALISM
Consider first the Einstein-Hilbert action supple-
mented by the Gibbons-Hawking-York (GHY) boundary
term:
IGR =
1
16π
∫
M
dDx
√−gR + 1
16π
∫
∂M
ddx
√
|h|QGHY ,
(III.1)
with QGHY = 2ǫK, the limit of Q given in Eq. (II.11a)
above as α → 0. As recalled in the previous section,
this boundary term ensures that extremizing the action
(III.1) yields Einstein’s field equations Gµν = 0 when we
impose Dirichlet boundary conditions.
In gaussian coordinates (II.8), which foliate M with
surfaces Σw of constant w, we can use the Gauss-Codazzi-
Mainardi identities (II.9) to decompose the Einstein-
Hilbert Lagrangian density on Σw as
R = R¯ + ǫ δi1i2j1j2K
j1
i1
Kj2i2 −
∂w(
√
|h|2ǫK)
N
√
|h| −
2¯N
N
. (III.2)
Now define the closed boundary as the union ∂M =
Σwi ∪ Σwf ∪ B of the surfaces w = wi and w = wf and
their complement B (which is a timelike cylinder when w
is a time coordinate). By plugging the expression above
into Eq. (III.1) with
√−g = N
√
|h| we find that IGR
coincides with the Arnowitt-Deser-Misner (ADM) bulk
action [56]
IGR =
1
16π
∫
M
dDxN
√
|h|
(
R¯+ ǫ δi1i2j1j2K
j1
i1
Kj2i2
)
, (III.3)
modulo a contribution on B which we can discard for
our purposes (but which is essential to define the ADM
mass [66]). The integrand of Eq (III.3) is the ADM La-
grangian, and it does not depend on the second-order
w-derivatives of the metric.
Since the variation of IESGB also yields a Dirichlet
variational principle, it must be possible to rewrite it in
ADM-like form as:
IESGB =
1
16π
∫
M
dDx
√
|h| L (III.4)
(modulo boundary terms on B), where L should depend
at most on the fields’ first-order normal derivatives ∂whij
and ∂wϕ. However, the ESGB Lagrangian density (II.1)
is quadratic in the Riemann tensor, and reproducing the
decomposition above would involve cumbersome calcula-
tions. As we will show momentarily, it is straightforward
to compute L if we follow instead the procedure recently
developed in Ref. [65] in the context of Lovelock gravity.
Indeed, from Eqs. (II.13) and (II.14) we first get that
πij and πϕ are respectively the conjugate momentum den-
sities to hij and ϕ, as is well-known in classical mechan-
ics [67]. Therefore L must satisfy
∂L
∂(∂whij)
= πij , (III.5a)
∂L
∂(∂wϕ)
= πϕ , (III.5b)
where ∂whij = −2NKij and ∂wϕ = −2NKϕ in the gaus-
sian coordinates introduced above. The system (III.5) is
integrable: the quantities πij and πϕ given in (II.11b)
and (II.15b) satisfy the identities
∂πij
∂Kab
=
∂πab
∂Kij
, (III.6a)
∂πij
∂Kϕ
=
∂πϕ
∂Kij
. (III.6b)
Their explicit expressions are given in Eqs. (IV.5) below.
Therefore we can integrate Eq. (III.5) to get L, mod-
ulo terms L¯ which must be identical to the part of the
ESGB Lagrangian (II.1) which, when calculated in gaus-
sian coordinates, depends only on the intrinsic geometry
of the constant-w surfaces Σw:
N−1L¯ = R¯− 2∇¯kϕ∇¯kϕ+ α
4
f(ϕ)δi1i2i3i4j1j2j3j4R¯
j1j2
i1i2
R¯j3j4i3i4
− 2α δi1i2i3j1j2j3R¯
j1j2
i1i2
∇¯j3∇¯i3f(ϕ) , (III.7)
where the first three terms follow trivially from Eq. (II.1),
while obtaining the fourth term requires introducing a
nonconstant lapse N and integrating the last term of the
Gauss-Codazzi-Mainardi identity (II.9c) by parts.
In the third and last step, we can generalize the result
to arbitrary ADM metric variables [55, 68]
ds2 = ǫN2dw2 + hij(dx
i +N idw)(dxj +N jdw) (III.8)
through the redefinitions
Kij =
1
2N
(∂w − LNk) hij
=
1
2N
(∂whij − ∇¯iNj − ∇¯jNi) (III.9a)
and
Kϕ = − 1
2N
(∂w − LNk)ϕ
= − 1
2N
(
∂wϕ−Nk∂kϕ
)
, (III.9b)
where LNk denotes the Lie derivative along the shift Nk.
As a result of this procedure we find:
5N−1L = R¯+ ǫ δi1i2j1j2K
j1
i1
Kj2i2 − 2∇¯kϕ∇¯kϕ− 8ǫK2ϕ
− 2αǫ δi1i2i3j1j2j3
[(
ǫR¯j1j2i1i2 + 2K
j1
i1
Kj2i2
)
∇¯j3∇¯i3f(ϕ) + 2f ′(ϕ)KϕKj1i1
(
R¯j2j3i2i3 −
2ǫ
3
Kj2i2 K
j3
i3
)]
+ αf(ϕ) δi1i2i3i4j1j2j3j4
[
1
4
R¯j1j2i1i2R¯
j3j4
i3i4
+ ǫKj1i1 K
j2
i2
(
R¯j3j4i3i4 −
ǫ
3
Kj3i3 K
j4
i4
)]
. (III.10)
As we shall check in Sec. IV below, the Euler-Lagrange
equations derived from this Lagrangian return the d+ 1
decomposition of the equations Eµν = 0 and Eϕ = 0 [cf.
Eqs. (II.5) and (II.15a)] in the ADM variables (III.8).
For now, we rather focus on the associated Hamilto-
nian, defined as
H =
1
16π
∫
Σw
ddx
√
|h| (πij ∂whij + πϕ ∂wϕ− L) . (III.11)
Since by definition we have ∂whij = −2NKij − ∇¯iN j −
∇¯jN i and ∂wϕ = −2NKϕ + Nk∂kϕ, an elementary cal-
culation yields
H =
1
16π
∫
Σw
ddx
√
|h| (NC +N iCi) , (III.12)
where C and Ci are the Hamiltonian and momentum con-
straints:
C = −R¯+ ǫ δi1i2j1j2K
j1
i1
Kj2i2 + 2∇¯kϕ∇¯kϕ− 8ǫK2ϕ
+ 2α δi1i2i3j1j2j3
[(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)(
∇¯j3∇¯i3f(ϕ)− 2ǫf ′(ϕ)KϕKj3i3
)]
+ αf(ϕ) δi1i2i3i4j1j2j3j4
[
−1
4
R¯j1j2i1i2R¯
j3j4
i3i4
+ ǫKj1i1 K
j2
i2
(
R¯j3j4i3i4 − ǫK
j3
i3
Kj4i4
)]
, (III.13a)
Ci = 2∇¯jπij + πϕ ∇¯iϕ . (III.13b)
The Lagrangian (III.10) and Hamiltonian (III.12) are
new, and their simple derivation based on integrating the
ESGB momenta is the second main technical result of
this paper. Note that H reduces to the Einstein-Gauss-
Bonnet Hamiltonian when f(ϕ) is a constant [65, 69], and
to the ADM Hamiltonian when α = 0 and ϕ is a constant
[56]. Note also that the last lines of Eqs. (III.10) and
(III.13a) vanish identically when D 6 4 (i.e. d 6 3).
Since H can only depend on the fields and their con-
jugate momenta, the quantities Kij and Kϕ appearing
in C above must be thought of as functions of πij and
πϕ, found by inverting the system of Eqs. (II.11b) and
(II.15b). However when α 6= 0, πij and πϕ are nonlinear
functions of Kij and Kϕ. Solving Eq. (II.15b) for
Kϕ and substituting the result back into Eq. (II.11b)
yields a system of d(d + 1)/2 polynomial equations of
degree five for d(d + 1)/2 unknowns (the independent
components of Kij). In the weak Gauss-Bonnet coupling
limit (|αR¯ijkl| ≪ 1 and |α1/2Kij | ≪ 1) the solution
can be approximated as a Taylor series, but the exact
solution for a generic coupling α is not known in
closed form (moreover, cf. [70–72] for the existence of
solutions in radicals to algebraic equations of degree five).
More importantly, the inversion of this system could
have several real roots. Therefore the Hamiltonian of
ESGB theories is generically multivalued. The same fea-
ture was previously discovered by Teitelboim and Zanelli
in the case of Lovelock gravity in D > 5 [69], and it has
two important implications:
(i) at the classical level, the phase-space evolution of
a system with initial data (N,N i;hij , ϕ ;πij , πϕ)w0 ,
obtained by integrating Hamilton’s equations, can
be unpredictable, since the choice between different
“branches” of the Hamiltonian is a priori arbitrary;
(ii) a multivalued Hamiltonian has serious shortcom-
ings when attempting to canonically quantize the
theory: see e.g. [73–77] for simple toy models. The
generalization of these toy models to ESGB theo-
ries is an interesting topic for future work.
Had ESGB theories been restricted to their weak
Gauss-Bonnet coupling limit, points (i) and (ii) above
would have been overlooked.
6IV. THE d+ 1 FIELD EQUATIONS OF ESGB
GRAVITY
In Sec. II we built an action IESGB [Eq. (II.12)] whose
variation yields the covariant ESGB field equations Eµν =
0 and Eϕ = 0 when we impose Dirichlet boundary con-
ditions. In Sec. III we performed a d + 1 decomposition
of IESGB of the form (III.4), where L = L[N,N i, hij , ϕ]
generalizes the ADM Lagrangian of general relativity to
ESGB gravity, and is given in Eq. (III.10).
In this section we derive the equations of motion associ-
ated to the Euler-Lagrange variation of the action (III.4).
As we shall see, these equations of motion are the same as
the d + 1 decomposition of the covariant field equations
Eµν = 0 and Eϕ = 0 using the ADM metric variables
(III.8), as they should.
The action (III.4) does not depend on the normal
derivatives ∂wN and ∂wN i. Therefore N and N i are
Lagrange multipliers, and the variation of (III.4) with re-
spect to δN and δN i yields the following D constraints:
C = 0 , (IV.1a)
Ci = 0 , (IV.1b)
where C and Ci are identical to the Hamiltonian and
momentum constraints found in Eqs. (III.13), which de-
pend on the fields and on their first-order w-derivatives.
In gaussian coordinates (such that N i = 0), they are
equivalent to the set of Einstein equations Eww = 0 and
Ewi = 0: indeed, a short calculation using the Gauss-
Codazzi-Mainardi identities (II.9) gives
Eww = C/2 , (IV.2a)
Ewi = Ci/2N . (IV.2b)
The variation of the action (III.4) with respect to hij
and ϕ yields the system of 12d(d+1)+1 coupled equations
∂πij
∂Kab
Aab + ∂πij
∂Kϕ
Aϕ = Fij , (IV.3a)
∂πϕ
∂Kab
Aab + ∂πϕ
∂Kϕ
Aϕ = Fϕ , (IV.3b)
where
Aab = 1
N
(∂w − LNk)Kab −KakKkb +
ǫ
N
∇¯a∇¯bN, (IV.4a)
Aϕ = 1
N
(∂w − LNk)Kϕ . (IV.4b)
The quantities Kij and Kϕ were defined in Eq. (III.9),
and furthermore
∂πij
∂Kab
= −ǫδibja + 4αǫ δib i1ja j1
(
∇¯j1∇¯i1f(ϕ)− 2ǫf ′(ϕ)KϕKj1i1
)
− αǫf(ϕ)δib i1i2ja j1j2
(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)
, (IV.5a)
∂πij
∂Kϕ
= 2αǫf ′(ϕ)δi i1i2j j1j2
(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)
, (IV.5b)
∂πϕ
∂Kϕ
= 8ǫ (IV.5c)
satisfy the integrability identities (III.6). The lengthy
expressions for Fij and Fϕ will be given later for clarity.
Written as such, the structure of the dynamical equa-
tions of motion (IV.3) is transparent. They are quasilin-
ear when α 6= 0: that is, the coefficients of the “accelera-
tions” Aab and Aϕ become functions of the fields hij and
ϕ and of their first w-derivatives [cf. Eqs. (IV.5)]. Let us
set n = d(d+1)/2+ 1 and introduce the n×n matrix J
with elements
J IJ =

 ∂piij∂Kab ∂piij∂Kϕ
∂piϕ
∂Kab
∂piϕ
∂Kϕ

 , (IV.6)
where a capital index I denotes either a pair of ordered
indices i 6 j or ϕ. Inverting and evolving the system
(IV.3) on a constant-w surface Σw necessitates that the
determinant of J , i.e.
detJ = 1
n!
δI1···InJ1···JnJ J1I1 · · · J JnIn , (IV.7)
be nonzero on Σw. Conversely, if there exists a location
xi on the surface Σw at which detJ = 0 [being under-
stood that on-shell, the constraints (IV.1) are satisfied],
the dynamical equations of motion break down, and their
predictability is lost. From Eqs. (IV.5), we see that this
might happen in the nonperturbative Gauss-Bonnet cou-
pling case, i.e. whenever |αR¯ijkl| & 1 or |α1/2Kij | & 1.
In general, the explicit expression of detJ is cumber-
some. When D = 4 (i.e. d = 3), for example, Eq. (IV.7)
is the determinant of a 7 × 7 matrix. However, from
the integrability equations (III.6) it follows that J is a
symmetric matrix,
J IJ =
∂πI
∂KJ
=
∂πJ
∂KI
= J IJ , (IV.8)
and it is hence diagonalizable. The specialization of our
results to simpler isometric “minisuperspaces” is left for
future work.
In D ≥ 5, the quasilinearity of the Lovelock field
equations and its consequences for the Cauchy problem
and structure of characteristics was studied by Choquet-
Bruhat in Refs. [78–80]. As shown there, a quantity
such as (IV.7) is a scalar on the D-dimensional space-
time M: it only depends on the geometry of the foli-
ation Σw through invariant contractions of its extrinsic
7and intrinsic curvatures. These quantities can be written
in arbitrary coordinates by the substitutions [81]:
Kij → Kµν = γλµ∇λnν , (IV.9a)
Kϕ → Kϕ = −1
2
nλ∇λϕ , (IV.9b)
∇¯i∇¯jf → ∇¯µ∇¯νf = γµαγβν∇α∇βf + 2ǫf ′KϕKµν , (IV.9c)
R¯ijkl → R¯µνρσ = γµαγνβγγργδσRαβγδ
+ ǫ
(
KµρK
ν
σ −KµσKνρ
)
, (IV.9d)
where nµ is a unit normal vector to Σw such that n2 = ǫ,
given by nµ = ( 1N ,−N
i
N ) in ADM metric variables, and
γµν = δ
µ
ν − ǫnµnν is the projector on Σw.
For further developments on the problem of wave prop-
agation in Lovelock gravity, see Refs. [82, 83]; for an il-
lustration of quasilinearity and its consequences in cos-
mology, see Refs. [84, 85]. We also note that the d + 1
decomposition of the Einstein-Gauss-Bonnet field equa-
tions was presented in Ref. [86].
In the present (ESGB) case, the right-hand sides of the
dynamical field equations (IV.3) read:
F ij = −2∇¯iϕ∇¯jϕ+ δij
(
4ǫK2ϕ + ∇¯kϕ∇¯kϕ
)
+ δi i1i2j j1j2
[(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)[
−1
4
+ α
(
4ǫf ′′(ϕ)K2ϕ +
1
N
∇¯kN∇¯kf
)]
− 4αǫ
(
Kki1∇¯kf + 2∇¯i1(f ′Kϕ)
)
∇¯j1Kj2i2 − 4αǫ
(
Kj1k ∇¯kf + 2∇¯j1(f ′Kϕ)
)
∇¯i1Kj2i2
]
+ α δi i1i2i3j j1j2j3
[(
R¯j1j2i1i2 − 2ǫK
j1
i1
Kj2i2
)(
∇¯j3∇¯i3f − 2ǫf ′(ϕ)KϕKj3i3
)
+ 4ǫf(ϕ)(∇¯j1Kj2i2 )(∇¯i1K
j3
i3
)
]
− αf(ϕ) δi i1i2i3i4j j1j2j3j4
[
1
8
R¯j1j2i1i2R¯
j3j4
i3i4
− ǫ
2
Kj1i1 K
j2
i2
(R¯j3j4i3i4 − ǫK
j3
i3
Kj4i4 )
]
, (IV.10a)
Fϕ = 4
(
∇¯k∇¯kϕ− 2ǫKKϕ + 1
N
∇¯kN∇¯kϕ
)
− 8αǫf ′(ϕ) δi1i2i3j1j2j3(∇¯j1K
j2
i2
)(∇¯i1Kj3i3 )
+ αf ′(ϕ) δi1i2i3i4j1j2j3j4
(
1
4
R¯j1j2i1i2R¯
j3j4
i3i4
− ǫKj1i1 K
j2
i2
(R¯j3j4i3i4 − ǫK
j3
i3
Kj4i4 )
)
. (IV.10b)
Equations (IV.3) are the same as the decomposition of
the Einstein and Klein-Gordon equations Eij = 0 and
Eϕ = 0 in ADM metric variables (III.8) obtained using
the Gauss-Codazzi-Mainardi identities.
The “d+1” field equations of ESGB gravity (IV.1) and
(IV.3) are the third, and main, result of this paper. They
reduce to the field equations of general relativity when
α = 0 and ϕ is a constant [61], and they significantly
simplify when D 6 4 (i.e. d 6 3), since then the last
lines of Eqs. (IV.5a) and (IV.10b) and the last two lines of
Eq. (IV.10a) vanish identically. Our results complement
and extend previous works in various ways:
(i) we take into account the ESGB contributions of the
scalar field and its coupling to the Gauss-Bonnet
scalar, hence providing an explicit example of a
“quasilinear” theory with nontrivial dynamics in di-
mension D = 4 (i.e. d = 3);
(ii) we give, for the first time, the complete d + 1 de-
composition of the ESGB field equations, which
could serve as a starting point to develop numer-
ical relativity in these theories, extending the work
of Refs. [41–44];
(iii) in our notation it should be clear that detJ is the
Jacobian of the change of variables (Kij ,Kϕ) →
(πij , πϕ). Therefore if detJ vanishes at any point
xµ = (w, xi), not only the predictability of the dy-
namical equations of motion (IV.3) is lost, but also
the Hamiltonian is not defined, since the change of
variables is noninvertible.
We conclude this section by establishing the constraint
propagation equations of ESGB gravity, which can be
found by a direct generalization of their general relativis-
tic counterpart. From the Bianchi identities we have that
∇µGµν = ∇µPµνρσ = ∇µHµν = 0, as discussed below
Eq. (II.6). Therefore, taking the divergence of Eµν in
Eq. (II.5), a simple calculation yields
∇µEµν = −
1
2
Eϕ∇νϕ , (IV.11)
8where Eϕ is given in Eq. (II.15a). Now we can choose
gaussian coordinates (II.8) for simplicity, and evaluate
the ν = w and ν = i components of the identity above.
Using Eqs. (IV.2) we find
(∂w − LNk) C = −NKC − 2ǫ Ci∇¯iN − ǫN∇¯iCi
+ 2NKijE
j
i + 2NKϕEϕ , (IV.12a)
(∂w − LNk) Ci = −CiNK + C∇¯iN
− 2∇¯j(NEji)−NEϕ∇¯iϕ , (IV.12b)
where we restored the shift Nk for completeness.
If the dynamical equations of motion are satisfied, i.e.
Eij = Eϕ = 0 [see below Eq. (IV.10b)], then the last lines
of Eq. (IV.12) vanish. Therefore, if the constraints are
satisfied on a surface Σwi with w = wi,
C|wi = Ci|wi = ∂jCi|wi = 0 , (IV.13)
they are satisfied on every surface Σw.
V. CONCLUSIONS
In this paper we have presented the d+1 formulation of
ESGB theories in dimension D = d+1 and for arbitrary
(spacelike or timelike) slicings. Our main results are:
1) An extension of the actions found by Gibbons-
Hawking-York [57, 58] and Myers [59] to ESGB
gravity theories [Eq. (II.12)];
2) The ADM Lagrangian (III.10) and Hamiltonian
(III.12), which we found in a simple manner by in-
tegrating the ESGB momenta;
3) The d + 1 decomposition of the ESGB field equa-
tions [Eq. (IV.3)] and the corresponding constraint
propagation equations [Eqs. (IV.12)].
Our results should be useful to guide future develop-
ments of numerical relativity for ESGB gravity in the
nonperturbative regime, and eventually to obtain grav-
itational waveforms for the whole inspiral, merger and
ringdown of compact binary systems. This is important,
because most analytical [39, 40] and numerical [41–44]
studies of black-hole binaries in ESGB so far have re-
lied on a small-α expansion. If and when numerical rela-
tivity waveforms become available, it will be interesting
to compare them with post-Newtonian calculations valid
in the inspiral phase [45] and to guide developments of
an effective-one-body model for ESGB gravity, similar
in spirit to previous work in scalar-tensor [87, 88] and
Einstein-Maxwell-dilaton [23, 89] theories of gravity.
Pretorius and Ripley [49–51] have recently studied
spherically symmetric collapse in ESGB, finding evidence
that there are open sets of initial data for which the char-
acter of the system of equations changes from hyperbolic
to elliptic in a compact region of the spacetime. It will
be interesting to specialize our equations of motion to
spherically symmetric spacetimes and further investigate
this loss of hyperbolicity.
We noted that the nonlinearity of the momenta plays
a role in both the Hamiltonian’s multivaluedness and
the quasilinearity of the dynamical equations of motion.
Moreover, when detJ defined in Eq. (IV.6) vanishes at
a point xi of a constant-w foliation Σw, the predictabil-
ity of the dynamical equations of motion (IV.3) is lost
and the Hamiltonian is not defined. Since detJ must be
evaluated on-shell, it will be very useful to carefully study
the role of the constraints on the values this determinant
can take. Furthermore, we conjecture that these issues
(the existence of a multivalued Hamiltonian and a pos-
sible breakdown of the Lagrangian equations of motion)
may be generic features of higher-order theories, such as
Horndeski theories of gravity.
We also expect the multivaluedness of the Hamilto-
nian H to be related to pathologies at the quantum level.
These considerations imply that ESGB gravity should
only be considered as an effective low-energy field theory.
Note however that ESGB gravity (as well as other higher-
order theories, such as Lovelock and Horndeski theories)
is, by construction, devoid of ghosts, which is indeed a re-
quirement to build a quantum theory [90]. Our work sug-
gests that the nonmultivaluedness of H should be treated
as another important selection criterion for modified the-
ories of gravity, possibly as important as the absence of
ghosts.
Finally, a possible extension of our results is to gener-
alize the definition of the ADM mass to ESGB theories.
This would be very useful to define global charges of BHs,
which play a central role in their thermodynamics and in
other applications, such as gauge-gravity dualities in arbi-
trary dimension. These issues will be addressed in future
work.
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